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Day 1 - Course Introduction and Cross Products

Pre-Lecture

12.1: Three-Dimensional Coordinates
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Day 1 - Lecture

Daily Announcements & Reminders:
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Goals for Today: Sections 12.1, 12.3, 12.4

e Set classroom norms
e Describe the big-picture goals of the class
e Review R?3 and the dot product

e Introduce the cross product and its properties

Icebreaker on PollEverywhere
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Introduction to the Course

Purposes:

Pre-Lecture: Get in math headspace, first exposure to the day’s topic

Lecture: Fill in the rest of the new ideas for the week

Studio: Guided group practice with new ideas under supervision, develop inde-
pendence

WeBWorK: Basic skills practice for the topics

LT Practice: Extra practice problems for assessments

Quizzes, Checkpoints, & Exams: Demonstrate learning & get feedback

Feedback loops: Lecture -> practice -> studio -> practice -> assessment ->
practice -> assessment -> ...

F o fwwezg
Important Canvas Items: Back to Canvas!| o (o W.\{Aﬁ devis/ ;«1177‘0( )5
a9 A
- ?3\}’5/ exf, | ?/ j
Big Idea: Extend differential & integral calculus. T){,,“..,.Qu@cg

_ U"'?"‘b( ;,\_‘], ](7 f«v‘\"S
o Inedyig X(ueclru/ O(Wfll‘%

What are some key ideas from these two courses? . ]
° \V\(’av wqf9 as M«}h\v{ b

Differential Calculus Integral Calculus

5
-



https://gatech.instructure.com/courses/470634
https://pollev.com/drhgt
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Before: we studied single-variable functions f: R — R like f(x) = 222 — 6.

Now: we will study multi-variable functio ‘ h of these
functions is a rule that assigns one output vector with m entries to each input
vector with n entries.

: L ST \
0 d (%l%\ = ¥4 d + 9““(¥7> A= " ° Xcv.uw\ms

2é5 . % \} Wade S
- I ]R_jnz, ave \weal” (
£(4) «,:( s oo oo et

Y
3 COSHA 5 s-‘“' ('O ,G; \]Zz—j ’21 \Mq)\’l‘( A
'([()A:\ - X/ Sﬂ. b‘

Example 1. What shape is the set of solution@m the equation

a? +y? =17 %4242,1

Those soludive oo o0 Sl o oF ads
1 O MY IU\ ”2

| ot
Owah
C(r(Q V'GB'MS \

b o e
doi
[Ym\\ Nal‘y (WFV\% i’f)"?) S)mu/ P s

\(Z‘\\{'L:\ 3 %:q
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Section 12.3/4: Dot & Cross Products

Definition 2. The dot product of two vectors u = (uy,us,...,u,) and v =
(U1, Vg, ..., U,) 18
v, +_ T,
u-v u\, 1 U !

This product tells us about a"‘ﬁ\{ \’Cj’“"c"' o WADVS

3= I3l 13 s

=
U >

v )

g, 18
pmal O (lﬁc.v)/
or A==

\
N/
In particular, two vectors are orthogonal if and only if their dot product is L

Example 3. Are u = (1,1,4) and v = (—3,—1, 1) orthogonal?
\G‘»T}): l(f'DL \(’F()%“f((}: -3 -1t4 =0

50 fl &\.)) ave ovx'\noSOvm\‘
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Goal: Given two vectors, produce a vector orthogonal to both of them in a “nice”

No
way. Uy

1. 12\()\‘\ -'\\ an (} ((D E ?AV ,' 5)

9 9@\0\411 ((,{I‘\/ M'M‘ )
er) (u XV (0 xw

S S
o c(axaﬁ =@h3 = ‘“‘(W)

& (\}»‘\'\') . ( }(\i\‘\ (\7”1(\7?)

Definition 4. The cross product of two vectors u = (uy,uy,ug) and v =

(vq, Vg, v3) in R3 is
1, U2, U3 -1/12 A SI'OIAC’OJ L@Jl)

\)EC‘WS

l Y,

D
Y 3k ~S=2y

uXxXv=

S
~ @2’6*0105)7\ — (u‘\);—u,uﬁflf (U,UZ—V.,"Z) l
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Example 5. Find (1,2,1) x (3,—1,0). S %
\ ] ( >

Z\ ]2.\>?<£.§1’I/(D ~ L2 P

no) o (G| >
= <\j 0\7 \77‘)\
_ L 000, - (07, -1
— L\ 3,F)
LB A\00 xC|210= -
@ al'\’“sy"’\”e‘lm‘c
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Day 2 - Lines, Planes, and Quadrics

Pre-Lecture

12.5: Lines
Lines in R?, a new perspective: = "“\9 9-%: m [)4‘ )’O)
hf\ﬁ ol poat (0,9 ( ¥s,Y)
. /5—,1& , Vo X Beethon © s Oy
0 o] S e Ox

_ g I
/ 6/>£ Q\ " [_3_7 1‘4“1 DY L AL— (L A;
— Ay
/0¥
A Ku/\e ;> a\“ @o(z\‘k )x( '\“\1 ‘[avm

’—k\\” e B 4 G whoe

-ﬁa (Lo ¥y, 2,) O Yhe |\A€, £ T W4 -’lrfc{dv\"‘n/ the hl\«"
= 2

Example 7. Find a vector equation for the line that goes through the points P =
(1,0,2) and Q = (—2,1,1).

I\qu\ L ‘)a:/\‘\- on e h‘/\e : P= Q00)
v X\o\dl‘\)f\ \;eclOr .
Vll“ (=240,
= (-} | =D

Go & udtor ¢ um)n‘m. of e lag 1
0= &3 -6 4 1, 0,2) el L

or

g = L3k, e

2D
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Day 2 Lecture
Daily Announcements & Reminders:

f \Www I:L4-«& AW 0113 D\; e [:: 141 l[) f?un

o Log te o Poll by with gour
G eme W e Y
peswad 15 GTID enkl ge oplabe it e 1
 abler Yodug need o bogia b adi- @f§;§;§=-:fi;fii’-;§ e
Bae e ses BT TEes s B

0 Do WMMMO 0«‘\~ Po”f\/«(OW\ /AV‘LQ'L W ../\)
Learning Targets:

e G1: Lines and Planes. I can describe lines using the vector equation of a line. I can describe
planes using the general equation of a plane. I can find the equations of planes using a point and
a normal vector. I can find the intersections of lines and planes. I can describe the relationships
of lines and planes to each other. I can solve problems with lines and planes.

e G4: Surfaces. I can identify standard quadric surfaces including: spheres, ellipsoids, elliptic
paraboloids, hyperboloids, cones, and hyperbolic paraboloids. I can match graphs of functions
of two variables to their equations and contour plots and determine their domains and ranges.

Goals for Today: Sections 12.5-12.6
o Apply the cross product to solve problems

« Learn the equations that describe lines, planes, and quadric surfaces in R3
e Solve problems involving the equations of lines and planes

o Sketch quadric surfaces in R3
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Example 7. Find a set of parametric equations for the line through the point
(1,10, 100) which is parallel to the line with vector equation

r(t) = (1,4,-3)t+ (0,—1,1)

fiechion vedor pedertae poit
or Y= 14+ 2t £ &Ik

Goal - wtp= 1+

glo= 10+ o~ o4 £

(H= 100 — 7t (0= 100 766
2=
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Section 12.5 Planes

Planes in R3

Conceptually: A plane is determined by either three points in R3 or by a single
point and a direction n, called the normal vector.

Tov @ (;a'ml’ L c()\\ffc'\t(mfs
N

(N4 1B)

(-\‘-d)"‘l() \QKD

Algebraically: A plane in R3 has a linear equation (back to Linear Algebra!
imposing a single restriction on a 3D space leaves a 2D linear space, i.e. a plane)

@ &54'\\73* C%:(’&’

T2 (-, Y10 229 i plue soty | o

AN

>=Labo
ot @20 ) hT T
Ca (Y-\{D f\- \)[-Y VD C % d_/) C\(“YD(';a ‘&d/‘ F‘a"('

—\:m D - RN (\“'V"(}"

\ z
‘arag LTE, T \)
© The (}w( wl v’\bnm\ \;c(‘ldf K_\//Z/QD (0/‘1"‘"\‘9 ( / [;

s/ (x-) “z(j_ﬂ%ﬁ@:sz 2. G
_(-ra toe
& _ 2o La, T 577\ ¢

Ev
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In R3, a pair of lines can be related in three ways:

parallel skew/\ intersecting
74 } -7 7 é
/ e T
g - |
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On the other hand, a pair of planes can be related in just two ways:
parallel intersecting
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Example 8. [Poll] The lines
el(t) - <17 17 1>t + <07 07 1>

and
ly(t) = (2,2,2)t + (0,0,1)

are related in what way?

These “"‘fs ave, A Sawf
\74((&(&8{, A’\ve? ‘/\0.(, ® v&hla- ;’\ (Quamon g< ave qu”CJ

Example 9. [Poll] The lines
El(t) - <17 17 1>t + <O7 07 1

and

lo(t) = 2ti — tj — tk

are related in what way?

- | -1=
5 o La D =2o=0

2) C)Af(lc ]Athécc‘L;M?
N &) £ = 1s

%, (5)

9
W RSy - ;) °°
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®© @
Example 10. Consider the planes y —z = —2 and x —y = 0. Show that the planes

intersect and find an equation for the line of intersection of the planes.
A p_— _ - - \ -\ ® )
@ ?‘H‘A(S 4\ 'ACC'L" '\‘ :<D/]( l> L nl < [ Qe V\J‘"qulﬂ}
o (0/0/2) \|> hi7 \‘J)J’\ fl!ame.g

D) Pkl of nbraschin o Hox glove

Nf(D‘ I ?0;4L (omy Pi’& ov\\/d“*\ f{ms , €9 . (0,0,L3>

. -
0 Nadin ( W, X V\L\
3

s> 2 Y 2 % >
O ¥ = )F l 1) :‘éD’l/"’[O*D
l —

[ O

_ LD

\‘\v\e) Q{h: (A DY 1 &015{2>/ 1 €y

—

Y’Z';z - %:Q-j
¥-\}:O }(’:j
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Section 12.6 Quadric Surfaces OV\ (Le.

Definition 11. A quadric surface in R? is the set of points that solve a quadratic
equation in z,y, and z.

The most useful technique for recognizing and working with quadric surfaces is to
examine their cross-sections. We’ll also make heavy use of 3d graphing technology
to get comfortable with these new objects.

Example 12. Use a 3d graphing utility to plot the quadric surface

2z =22 +9°.

This surface is called a , because it has two coordinate

directions with cross sections that are and one with cross sections

that are
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12.6 Cylinders and Quadric Surfaces 743

TABLE 12.1 Graphs of Quadric Surfaces
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The parabola z = < y? in the yz-plane N
v N Part of the hyperbola y_; - ﬁz =1
b a
uf R in the plane z = ¢
PERBO!
2]
Saddle oL
z z point
Part of the hyperbola E; —y—z =1
b " The parabola z = 7% X in the plane £ = —¢ @ b
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Example 13. [Poll] Which of the following are quadric surfaces?

1. A line

2. A sphere

3. A circle

4. An ellipse

5. The set of points (z,y, z) which solve 2 + y? — 3 = 0.

6. The set of points (z,y, z) which solve 2?2 — y? — 22 = 4.

Example 14. [Poll] Classify the quadric surface z + y? — 22 — 3 = 0.
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   𝑥  −  𝑦  =  0 


   𝑦  −  𝑧  =  −  2 


     ℓ  2   (  𝑡  )  =  2  𝑡  𝐢  −  𝑡  𝐣  −  𝑡  𝐤 


     ℓ  1   (  𝑡  )  =  ⟨  1  ,  1  ,  1  ⟩  𝑡  +  ⟨  0  ,  0  ,  1  ⟩ 


     ℓ  2   (  𝑡  )  =  ⟨  2  ,  2  ,  2  ⟩  𝑡  +  ⟨  0  ,  0  ,  1  ⟩ 


     ℝ  3  


   𝐧 


   𝐫  (  𝑡  )  =  ⟨  1  ,  4  ,  −  3  ⟩  𝑡  +  ⟨  0  ,  −  1  ,  1  ⟩ 


   (  1  ,   10   ,   100   ) 


   𝑥  +    𝑦  2   −    𝑧  2   −  3  =  0 


   𝑧  =    𝑥  2   +    𝑦  2   . 


   𝑧 


   𝑥  ,  𝑦  , 


     𝑥  2   −    𝑦  2   −    𝑧  2   =  4 


   (  𝑥  ,  𝑦  ,  𝑧  ) 


     𝑥  2   +    𝑦  2   −  3  =  0 


    𝑄    =    (    −    2    ,    1    ,    1    )  


$Q=(-2,1,1)$


    𝑃    =    (    1    ,    0    ,    2    )  


$P=(1,0,2)$


      ℝ    2   


$\R ^2$


   ⟨  1  ,  2  ,  1  ⟩  ×  ⟨  3  ,    −  1   ,  0  ⟩ 


   𝐮  ×  𝐯  =  � 


   𝐯  =  ⟨    𝑣  1   ,    𝑣  2   ,    𝑣  3   ⟩ 


   𝐮  =  ⟨    𝑢  1   ,    𝑢  2   ,    𝑢  3   ⟩ 


   𝐯  =  ⟨    −  3   ,    −  1   ,  1  ⟩ 


   𝐮  =  ⟨  1  ,  1  ,  4  ⟩ 


   𝐮          ⋅       𝐯  =  � 


   𝐯  =  ⟨    𝑣  1   ,    𝑣  2   ,  …  ,    𝑣  𝑛   ⟩ 


   𝐮  =  ⟨    𝑢  1   ,    𝑢  2   ,  …  ,    𝑢  𝑛   ⟩ 


     ℝ  3  


     𝑥  2   +    𝑦  2   =  1  ? 


   (  𝑥  ,  𝑦  ,  𝑧  )  ∈    ℝ  3  


   𝑛 


   𝑚 


   𝑓  ∶    ℝ  𝑛   →    ℝ  𝑚  


   𝑓  (  𝑥  )  =  2    𝑥  2   −  6 


   𝑓  ∶  ℝ  →  ℝ 

